The purpose of this paper is to show that a classical approach of the definition of curvature associated to a regular point of a surface, leads to give in a natural way a new fundamental form, the so called the third form.
Introduction
Inspired by the definition of a curvature of a curve at point M 0 , given by
where θ is the angle between the two tangent lines at M 0 and M ( M is infinitely close to M 0 ), we give the same approach for a regular surface (S), by considering the ratio
where, in this case, θ represents the angle between the two tangent plans at M 0 and M.
Parametrical surfaces
We consider a surface S embeded in the euclidean spaceR 3 . we suppose that there exists a regular card f of an open setŜ of R 2 provided with the orthonormal system (o, u, v) with values in R 3 , where R 3 is provided by the orthonormal system (o, x, y, z) such that S = f (Ŝ ) .
We consider a curvilinear coordinates system on S, m ∈Ŝ and M ∈ S with
The vectors a 1 (m ), a 2 (m ) are supposed to be linearly independent for any point M ∈ S . They generate the tangent plan at M, denoted T M (S ). For each point M ∈ S, we define the normal given by The ratio
Theorem
Then we form the vector product;
By using the classical notations
Which gives the equivalence
Definition 1
We say a new fundamental form, the expression given by
Definition 2
We say the curvature in a regular point of a surface the expression
Cartesian surfaces
When surface is defined by its cartesian equation z = g(x, y), the Monge notations are the following
Thus, we deduct
Particular Case:
When surface S is defined by its canonical expression
The first quadratic form is
The new quadratic form is
Then, the curvature is the ratio: The new Gauss curvature is the product of both extrema
The average curvature (arithmetic mean)
